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THE UNIQUENESS OF THE JOSEPH IDEAL FOR THE 

CLASSICAL GROUPS 

MICHAEL EASTWOOD, PETR SOMBERG, AND VLADIMIR SOUCEK 


Abstract. The Joseph ideal is a special ideal in the universal enveloping algebra 
of a simple Lie algebra. For the classical groups, its uniqueness is equivalent to 
the existence of tensors with special properties. The existence of these tensors is 
usually concluded abstractly but here we present explicit formulae. This allows a 
rather direct computation of a parameter used in defining the Joseph ideal. 


1. Introduction 

Let g be a simple complex Lie algebra. Let g ® g denote the Cartan product of g 
with itself, namely the unique irreducible component of g g whose highest weight 
is twice the highest weight of g itself. Also, let us denote by 

g ® g e A (g) y i—^ X @Y eg®gcg(g)g 

the invariant projection onto the Cartan product. Let [A, U] denote the Lie bracket 
and (A, Y) the Killing form on g. Then in the full tensor algebra (^g let us consider 
the two-sided ideal Ix generated by elements of the form 

(1.1) A®y-A®y-|[A,y] - A(A,y) G (8)"g©g©C, VA,yeg. 

Let us denote by Ax, the quotient algebra <^g/Ix- 

Theorem 1.1. For each complex simple Lie algebra not isomorphic to sl{2, C), there 
is precisely one value of A for which Ax is infinite dimensional. 

Usually, the special linear series of Lie algebras are excluded from this theorem. 
This is owing to the geometric realisation of certain representations usually used in 
dehning the Joseph ideal [7j. However, as pointed out by Braverman and Joseph [2], 
if the result is stated as above, then the special linear algebras save for 51(2, C) are 
included. The main difficulty in proving Theorem 11.11 is in showing that, for all A 
save for a special value, the ideal is of hnite codimension. Braverman and Joseph j2] 
present an abstract argument for this in general, which they make explicit for the 
symplectic and special linear algebras. They remark, however, that ‘in general such 
verihcation seems very difficult’. This is what we accomplish for the orthogonal 
algebras. For completeness and convenience, we also present the special tensors that 
may be used in direct proofs of the symplectic and special linear cases. This covers 
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the classical groups. In fact, as pointed out by Gan and Savin jS], the exceptional 
cases are somewhat easier. These authors also tackle the classical groups by direct 
but still quite intricate means. 

The hrst author would like to thank Nolan Wallach for drawing his attention to the 
Joseph ideal in response to a talk given at the University of California, San Diego, 
on higher symmetries of the Laplacian jS]. 


2. The orthogonal case 


We shall use index conventions for tensors as is standard in differential geometry. 
More precisely, we use the abstract index notation of Penrose jS] . In particular will 
denote the non-degenerate quadratic form preserved by so(n, C) and gab its inverse. 
We shall ‘raise and lower’ indices without comment: so X°‘ = g°‘^Xb and Xa = gabX^ 
where a repeated index denotes the invariant pairing between vectors and covectors. 

Theorem 2.1. For A ^ ~ ii{n\){n-2) ^ 5, the two-sided ideal in ^so{n, C) 

generated by 

X (^Y - X ©Y - ^[X,Y]- A(X, y), for X,Y e so(n, C) 
contains so(n, C), the first graded piece of l^so{n, C). 


Proof. If we identify so(n, C) with skew tensors in the usual fashion, then the ideal 
is generated by tensors of the form 




(@U)^ 




UV“) + A(n - 2)W 


ab 


for — —y^ 


where denotes the Cartan part of (There is, of course, an explicit 

formula for (@1/)“^'^'^ but we shall not need all of it.) Consider the following tensor 

^abcdef ‘ 2 ga.fgbe'j'cd ^gaegbfrj'cd ‘ 2 gCfgde'j^ab _j_ Q^gCegd/rj^ab 

_j_ gacgbej^df _ gbCgaerpdf _ gadgbej^cf _j_ gbdgaerpcf 
_ gacgbfrpde _|_ gbCgafj^de _|_ gadgbfrj^ce _ gbdgafrpce 
_ gO.Cgdej'bf _j_ gadgcej'bf _j_ gbcgdej^af _ gbdgCej^af 
_|_ gacgdfrpbe _ gadgCfj^be _ gbCgdfj^ae _j_ gbdgCfrpae^ 

for = —T^“. It is immediate that and readily verihed that 

^abcdef _ }_^Qabcdef _j_ gabefcd'^ _|_ ^^gabcedf _ gabdecf _ Qabcfde _j_ Qabdfce'^ 

is given by 

^abcdef _ _ 2,g^^g^^T^^ 

- \g^<^g<^^T^h + \g^<^g^^T^h + \g^^g<^^T^f - 
+ \g^^g‘^fT^^ - -f- 

- - \g'^^g^hT'^c 

+ - \g^fg^^T^^ - ^g^hgcejad ^ lgbfgdejac_ 

^abcdef jg formula for the s[(n, C)-invariant projection 


Generally, 








THE JOSEPH IDEAL FOR THE CLASSICAL GROUPS 


3 


In this case, however, the result is manifestly pure trace in cdef. It follows that under 
the further so(?7,, C)-invariant projection 





O 


where o denotes the trace-free part, the tensor maps to zero. But, for n > 5, 

this is the Cartan part in cdef. Its skew symmetry ensures that 

the Cartan part is also zero with respect to abed. Therefore, we may immediately 
reduce in two different ways with respect to the given ideal. We obtain, after 

a short calculation, 

S^Mef = + gdej^<^f _ g<^fT'^^l 


which is skew in ad. Therefore = 0 and 


^abedef ^ ^ bdef 


Sdbaef. 




Tracing over de now gives 


gafj 


de 


gaerj^df _|_ gderpaf _ gdfj^ae ^ 


2)ya/_ 


Altogether, 

(2.1) ~ (n - 2)(n - 4)T“^. 


On the other hand, 

gabc^df ^ _gafj.be gbfrjac _ 2{n - -{n- + {n - 


so 


gabc^df _ gabf^dc = _ gb^fj^^f - g^f 


and 

gabed^^ = 2(n- l)(n-2)T“B 


Therefore, 


gabedef _ _n^\^gacj.bf _ gbcj.af _ gafj.be gbfj.ae^ _ - l)(n - . 

But tracing over be gives 

gaej.bf _ gbej.af _ gafj.be _|_ gbfj.ae 

_ {n - 2)T“^ 

and so 

(2.2) ~ (n - 2) [^ - 2A(n - 1)(n - 2)]T“^. 

Comparing m with (EH, we conclude that must be in the ideal unless we have 
A = ~ exactly what we wanted to prove. □ 
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3. The symplectic case 

Theorem 3.1. For A 7 ^ ~i6(n+T) n > 2, the two-sided ideal in (^sp( 2 ? 7 ,, C) 
generated by 

X ®Y - X @Y - i[X, T] - A(X, Y), for X, T e sp(2n, C) 
contains sp{2n,C) , the first graded piece of ^ sp{2n,C). 

Proof. Let denote the skew form preserved by sp(2n, C) and adopt the convention 
that uj°‘‘^ujhc is the identity. In particular oj^’^oJab = 2n. If we use ujab to lower indices 
according to X^ = X^-uJab, then we may identify sp(2n, C) as symmetric tensors 
and the ideal is generated by 


yabcd _ _ ^^yaM y yd^ba~^ y 2A(n + l)V^\b for = V 

Now consider the tensor 

^abcdef _ ^^af^berycd y ^^ae^bfrpcd _ ^derpab _ ^^ce^dfryab 

- _ ^^bc^aerydf _ ^ad^bej^cf _ ^bd^aerpcf 

- - a;“a;“^T“ 

- _ ^ad^cfrybe _ ^bc^dfrpae _ ^bd^cfrjpae_ 

for T“^ = T^“. It is immediate that 5'“^'^'^®'^ = and readily verihed that 

^abcdef _ l_^^abcde/ _j_ gabdefd _j_ ^abcfde _j_ gabfedc _|_ gabedfc _j_ gabdfec^ 

vanishes. This is already the Cartan part with respect to the cdef indices. Therefore, 
we may reduce modulo the ideal in two different ways. We obtain 

gabcdef _ _ l)(yj<^erydf y ^deryaf y ^afjde y ^dfryae-^ _ - l)(n + 1)T“^ 

or 

gabcdef ^ _ l)(^acy6/ ^ ^^bcrpaf ^ ^^afrpbc ^ ^bfj^ac^ ^ ^2X{n - l)(n + 1)2T“^ 

~ -2(n - l)(n + 1)T“^ + 32A(n - l)(n + 1)2T“^. 

Comparing these two reductions, we see that T“^ lies in the ideal unless A = ~ 

This is what we wanted to prove. □ 

Note that the critical value of A for sp(4, C) = so(5,C) may be computed either 
from Theorem lO or Theorem o Its common value is —1/48. 


abdc 


4. The special linear case 

Theorem 4.1. For A ^ ~ 8(n+l) Li > 3, the two-sided ideal in (3)s[(n, C) 
generated by 

X®T-X®y-i[X,T]- A(X, T), for X, T e s[(n, C) 
contains sl(n, C), the first graded piece o/0s[(n, C). 
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Proof. If we identify s[{n, C) with trace-free tensors in the usual manner, then 
the ideal is generated by tensors of the form 

(4.1) - {©VYtfd - - 2XnV\\ for = 0 = V\%. 

Consider the tensor 

- 6%6YT^d + i5\6YT^d 
+ 5^d5^TY - ^S^^dSYT^ - S%S^dT^f + 

for = 0. It is immediate that S°'h^d'f = —S^iPb^f. In particular, the Cartan 
part of S°‘ifcpf with respect to the indices abed vanishes. Hence, we may use (HU to 
reduce S°‘b^d'f modulo the given ideal. We obtain 

5%V/ ^ -{n - l)5^dT^f - S^T^d + + b^T^d ^ -\n{n - 2)T“/. 

On the other hand, it is readily verified that 


rya c e _ 1 / na c e , na e c i na c e i C' 

^ b d f = b d f -r ^ b d f -r ^ b f d-r ^ 


a e c \ 

b f d) 


is given by 

Z a c e 
b d f 


= ^^5^dSYT\ - \5%5^dTY - + i^S\SYT'^d 


- + i,6%5YT^d - 

+ lJ\5^dTY + i-J\5YT^d + i-J^d5\TY - j-jY^^dT\ 

+ lJ\5<^dTY - i-JY^^dT^ + i-J%5^dTY - i-J^d5YT\ 

+ i^6\5YT-d + \5Y^"dT\ - \S%SYT^d - \S%5^dTY- 

Generally, S°‘Yd^f ^ followed by the removal of all traces in the edef indices 

is the Cartan projection in these indices. In this case, however, Z^’Yd^f is manifestly 
pure trace and so this Cartan part of S°‘ifd^f vanishes. This allows us to use (EH) 
with respect to the edef indices to conclude that 

5V// ^ \{5YT\-{n-l)5%TY + d\TY-dYT‘^h)+2\n{n-2){n + l)TY 
~ —^n(n — 2)T“/-|-2An(n — 2)(n-|-1)T“/. 

Comparing this with our previous reduction, we see that T“b lies in the ideal unless 
~ ~ 8(ri.+l) ' what we wanted to prove. □ 

Note that the critical value of A for s[(4, C) = so(6,C) may be computed either 
from Theorem lO or Theorem mu Its common value is —1/40. 


5. Remarks and Conclusions 

We should explain how the special tensors used in the proofs of Theorems 12.11 Id.II 
and mu arise. For all simple Lie algebras other than the special linear series, there 
is a common source as follows. Let g denote a complex simple Lie algebra and let <I> 
denote the composition 
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Theorem 5.1. For any simple complex Lie algebra 0 not isomorphic to s[(?7,,C), 
dim Homg(g, (g) g) = 2 and dim Hom 0 (g, g (g) @^g) = 1. 

Proof. A case-by-case verification using, for example, Klimyk’s formula. □ 

Corollary 5.2. For any simple complex Lie algebra g not isomorphic to s[(n, C), 

dim Homg(g, ker $) > 1. 

This result is used abstractly by Braverman and Joseph j2] and our proofs are very 
much motivated by this approach: in proving Theorems 12.11 and Id.II we find explicit 
non-zero homomorphisms g —ker<h. In fact, it is easily verified that Homg(g,ker$) 
is 1 -dimensional so our homomorphisms are unique up to scale. 

For the special linear algebras the dimensions are different:- 


Theorem 5.3. For g = 5[(n, C), 

dimHomg(g, A^g (g) g) = I ^ — 2 dimHomg(g, g (g) @^g) = 1, Vn > 2. 

Corollary 5.4. For g = s[(n, C) with n >3, 

dimHomg(g, ker d)) > 3 . 


In fact, using tensors, we have checked that IIomg(g, ker <h) is 3-dimensional and 
within it there is a 2-dimensional subspace Homg(g,ker$ fl kerJ/) where is the 
composition 

A^g®g-^g®g®g ^ c = g. 

Any homomorphism in IIomg(g, ker d)) \Homg(g, ker <l>nker 'k) will suffice for deriving 
the critical value of A as in our proof of Theorem 14.11 This critical value of A is also 
obtained by Braverman and Joseph [21 §7.4 and §7.7]. They also remark |2l §5.4] 
that the symplectic case may be dealt with by an ‘extremely rare’ but ‘simple-minded 
procedure’ going back to Dirac. From the tensorial point of view, the reason for this 
is that if one naively extends a tensor 

S G (A^sp(2m, C) (g) sp(2m, C)) fl (sp(2m, C) (g) @^sp(2m, C)) 

by adding zero components then one obtains a tensor in 

(A^sp(2n, C) (g) sp( 2 n, C)) fl (sp(2n, C) (g) @^sp(2n, C)) 

for any n > m. In effect, Braverman and Joseph use this observation and an explicit 
tensor for the case n = 2 to obtain the general case. 

Usually, Theorem 11.11 is stated in terms of the universal enveloping algebra lX(g) 
of g. To do this, notice that the generators (HID of Ix may be split into skew and 
symmetric parts:- 

X ®Y -Y ®X - [X,Y] and X ®Y FY ® X - 2X @Y - 2\{X,Y) 

and that we may define the algebra Ax in two steps, firstly taking the quotient of the 
tensor algebra by the skew generators. This gives if(g) and an image ideal Ix so that 
Ax = iI(g)//A. What we have shown more precisely in ]j2h]jl]is the following:- 
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Theorem 5.5. For the classical complex simple algebras 

0 = so(n,C), n>5, A ^ 

0 =sp( 2 n,C), n> 2 , A ^ 

0 = s[(n,C), n>3, X ^ 

the ideal Ix coincides with 11 ( 0 ) z/ A 7 ^ 0 whilst Jq = H+( 0 ) C 11 ( 0 ), the unique 
maximal ideal consisting of elements without constant part. 

Proof. Theorems 12.11 13.11 and EU say that, in these circnmstances, the ideal Ix 
contains 0 and hence contains 0*0; whose image is 11+( 0 ) by dehnition. The 

conclusions are now immediate from (HH). □ 


In all other cases the algebra Ax is, in fact, inhnite-dimensional. For the orthogonal 
algebras, for example, there are linear differential operators 

Vx for all X G (o)^so(m + 1,1) 

constructed in [H] that satisfy 

VxVy = TXx®y + \t^[x,y] — 4r^TO+i)^(A,y), VX, Y e so{m + 1,1). 

The corresponding holomorphic differential operators provide a realisation of Ax for 
0 = so(n, C) and A = There are similar linear holomorphic differential 

operators for 0 = s[(n, C) constructed as follows. Recall that in 0 we identihed 
s[(n, C) with trace-free tensors X“;,. More generally. 


@^s{{nX)= s.t. 


X a c ••• e 
b d ■■■ f 


_ via c ■■■ e) 

- (fc rf ... 


2s indices 


X°‘Yd "is totally trace-free. 


and we dehne 


Vx = 


s \ra c ■■■ e 


ds 


dZ^dZ^ ■■■dZ^ 

as a holomorphic differential operator acting on C”. For X“fe, Y^d G sl(n, C), 


VxVy - VyVx = {Y\x\ - X\Y\)Z^^^ = -[X, = V^xy^ 


dZ° 


and 


VxVy + VyVx = + {X\Y% + Y\X^)Z'^ ^ 


-L ^y^A 
However, if we write 


dZ^dZ^ 

X^\yY-\) = C^\d + D^\bd^\) + 


dZ^ 


where 


+ Y\X\) - and E = 
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then C°‘'^bd and D^b are trace-free. In particular, ® YY'^bd and 


VxVy + VyVx = 2{C^\d + D\6‘^d + E5^5%)Z^Z'^ 




+ {XW^b + Y\X\)Z^ 

D 2 

= 2Vx@y + 2D\Z^Z^ 


d 


dZ^dZ^ 


b rye 


dZ<^dZ^ 
+ {X\Y% + Y\X%)Z^ 


+ 2EZ'^Z 
d 




dZ^dZ^ 




Now, let us restrict the action of these differential operators to germs 0 of holomorphic 
functions dehned near some basepoint in C"" \ {0} and ‘homogeneous of degree tc’ in 
the sense that Z“cl/clZ“0 = wcj). We find that 

d 


VxVy + VyVx = 2 Vx@y + {2^ + 1){X\Y\ + Y\X%)Z 


n+2 


+ - 1)ANF 


= 2Px®y + ^{X\Y\ + Y\X\)Z 


c \yd 

c 

d 


dZ° 


n w{w 1 ) -^d 

^{n+l){n+2)^ <=■ 


dZ° 


Assembling these computations we conclude that 

d 


V^Vy = - SIjSrfeAx.v). 

In particular, for w = —n/2 we obtain 

VxVy = Vx®Y + ^Eixx] - 8(n+l)^AW- 

These operators provide a realisation of for g = si(n, C) and A = — and, 

in particular, show that this algebra is infinite dimensional. 

If n = 2 we can proceed further because, in this case. 


7(w—1) 


X\Y\ + Y\X^ = X^Y^dYb = \{X, Y) 5 \ 

whence 

VxT>y = 'Dx®y + |T’[x,y] H-^ 2 ^ ^^(A,y) 

for any w G C. In particular, this shows that A\ is infinite-dimensional for s[(2, C) 
no matter what is A. 

An alternative to these geometric realisations of Ax is provided by the generalised 
PoincarABirkhoff-Witt Theorem of Braverman and Gaitsgory which enables one 
to identify the associated graded algebra gr(AA). Specihcally, if we let i? C g ® g 
be the g-invariant complement to g ® g and J{R) be the two-sided ideal in g 
generated by i?, then as a special case of PP we obtain criteria under which the 
canonical surjection p : ^q/J{R) —gr(AA) of graded algebras is an isomorphism. 
These criteria are then verified by Braverman and Joseph j2] in the case of critical A. 
It follows from a result of Kostant (given in a lecture at MIT in 1980 and explained 
with proof in [3 Chapter 3]) that the graded algebra ^q/ J{R) is simply the Cartan 
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algebra @0 = 0^o ®^0 complex simple Lie algebra g. This is also proved 

by tensorial means in [3] for the orthogonal algebras, in j3] for the special linear 
algebras, and the symplectic algebras are easily dealt with by a similar argnment. 
In however, it was incorrectly asserted that p is always an isomorphism. 
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